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I. INTRODUCTION

One of our basic aims here is to obtain improved error bounds for spline
and L-spline interpolation at knots, and to obtain certain stability (or
perturbation) results for such forms of interpolation. To give a concrete
example to illustrate our aim, consider for simplicity the interpolation of a
given function I defined on [a, b) by a smooth cubic spline s over a uniform
partition Ll u of [a, b). Normally, if IE CI[a, b), then its unique cubic spline
interpolant s is defined by

sea + ih) = I(a + ih),
Ds(a) = DI(a),

o~ i ~ N,
Ds(b) = DI(b),

h = (b - a)/N,
D = d/dx.

(1.1 )

If, on the other hand,jis only continuous on [a, b), the second part of (1.1)
must be modified; for example, one may assume that Ds(a) = Ds(b) = O.
However, from a computational point of view, it would be advantageous
to have a single definition for Ds(a) and for Ds(b) which does not depend
explicitly on the continuity class of f, and for which optimal interpolation
errors are obtained. For example, suppose that we define the cubic spline
interpolant s ofI by means of

sea + ih) = j(a + ih), 0 ~ i ~ N,

Ds(a) = (l/6h){ -l1j(a) + 18j(a + h) - 9j(a + 2h) + 2j(a + 3h)},

Ds(b) = (l/6h){l1j(b) - 18j(b - h) + 9j(b - 2h) - 2j(b - 3h)}. (1.2)

* This author's research was supported in part by U. S. Atomic Energy Commission
Contracts AT(3Q-l)-1480 and W-7405-Eng. 36. A portion of the work was done at the
Courant Institute of Mathematical Sciences, New York University.

t The work of this author was supported in part by U. S. Atomic Energy Commission
Contracts AT(1l-l)-2075 and W-7405-Eng. 36.

6
Copyright © 1972 by Academic Press, Inc.
AIl rights of reproduction in any form reserved.



ERROR BOUNDS FOR SPLINE INTERPOLATION 7

Because the definitions of Ds(a) and Ds(b) come from the derivative of a
cubic Lagrange polynomial interpolation of j in particular knots, it will be
shown in Section 7 that there exists a constant K, independent of j and h,
such that ifjE Ck[a, b], 0 ~ k < 4, then

Khk-i (Dkf, h) ~ \11 DiU - s)lk,,[a.b] , 0 ~ j ~ k, (1.3)
W , ?' III DiS Ik,)a,b] , if k < j ~ 3.

Moreover, we will show that error bounds similar to those of (1.3) are valid
if s interpolates values close to those ofj(cf. Theorem 7.6); we shall call such
results stability results.

Another basic aim here is to obtain new interpolation error bounds for
general L-splines (cf. Theorem 3.5), to obtain new interpolation error bounds
in the uniform norm for splines defined on uniform partitions of [a, b]
(cf. Theorem 7.4), and to obtain analogous interpolation error bounds in the
uniform norm for Hermite L-splines (cf. Theorem 6.1), along with stability
results related to such error bounds. In Section 8, extensions of these results
for polynomial splines to more general boundary conditions are treated. In
so doing, we shall fill some gaps in the existing literature for such interpolation
error bounds. A survey of the relevant literature concerning polynomial­
spline approximations is also contained in Section 7.

2. NOTATION

For - 00 < a < b < +00 and for a positive integer N,
let

LJ : a = Xo < Xl < ... < X N = b (2.1)

denote a partition of [a, b] with knots Xi . The collection of all such partitions
LJ of [a, b] is denoted by &(a, b). We further define1T = maxO';;;i';;;N-l (Xi+l - Xi)

and rr - minO';;;i~N-l (Xi+l - Xi) for each partition LJ of the form (2.1). For
any real number a with a ;?: 1, &u(a, b) then denotes the subset of all parti­
tions LJ in &(a, b) for which

1T/rr ~ a. (2.2)

In particular, &l(a, b) is the collection of all uniform partitions of [a, b], and
its elements are denoted by LJ ...

Since we shall make extensive use of L-splines, we now briefly describe
them. Given the differential operator L of order m,

m

Lu(x) = L clx) Diu(x),
i~O

m ;?: 1, (2.3)
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where Ci E Ora, b], 0 ,s;; j ,s;; m, with cm(x) ~ 0 > 0 for all x E [a, b], and
given the partition LJ of (2.1), for N> 1 let Z = (Zl , Z2 , ••• , ZN-1), the inci­
dence vector, be an (N - I)-tuple of positive integers with 1 ,s;; Zi ,s;; m,
1 ,s;; i ,s;; N - 1. Then, Sp(L, LJ, z), the L-spline space, is the collection of all
real-valued functions w defined on [a, b] such that (cf. Ahlberg, Nilson, and
Walsh [3, Chapter 6] and Schultz and Varga [32])

L*Lw(x) = 0,

where L * is the formal adjoint of L. From (2.4), we see that

Sp(L, LJ, z) C C2m-,.-1[a, b]

(2.4)

where p, == maX1";;i";;N-1 Zi •

In the special case L = Dm, the elements of Sp(Dm, LJ, z) are, from (2.4),
polynomials of degree (2m - 1) on each subinterval of LJ, and as such are
called polynomial splines. More specially, when L = Dm and

Zi == m, 0 < i < N,

the associated L-spline space is called the Hermite space, and is denoted by
H(ml(LJ). From (2.4), H<m)(LJ) C Cm-1[a, b]. Similarly, when L = Dm and
Zi = 1,0 < i < N, the associated L-spline space is called the spline space,
and is denoted by Sp(ml(LJ). Again from (2.4), Sp(m)(Ll) C C2m- 2[a, b].

While our discussion makes explicit use of L-splines, it will be clear that
most of the techniques used here in obtaining our L-spline interpolation error
bounds can be modified to apply to the more general definitions of splines
appearing in Jerome and Pierce [18], Jerome and Schumaker [19], Lucas
[21], and Varga [40]. For the definitions and properties of these more general
splines, we refer to the previously cited references.

As measures of the smoothness of the functions we interpolate, we recall
first the Sobolev norm

m

Ilfllw.m[a.bl = L II Difllr.,,[a.bl ,
j-O

(2.5)

(2.6)

where the Sobolev space Wqm[a, b], for m a positive integer and 1 ,s;; q ,s;; 00,

is the collection of all real-valued functions f(x) defined on [a, b] with Dm-lj
absolutely continuous on [a, b], and with DmfE Lq[a, b]. Next, if given
LJ E fP!(a, b) and if Dig E Lr[Xi , Xi+l] for each subinterval [Xi' Xi+l], we use
the following modified definition,

. (-1. (l/r
II D'g IILr[a.bl = I L: II D'g II~r[""'''''+ll\ '

,~O
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of the Lr-norm of Dig over [a, b], even if Dig $ Lr[a, b]. Next, if f is any
bounded function defined on [a, b], then

w(j, h) == sup{lf(x + t) - f(x)1 : x, x + t in [a, b] and I t I ~ h} (2.7)

denotes the usual modulus ofcontinuity off
Finally, we shall throughout denote any generic constant which is indepen­

dent of the functions considered and is independent of the maximum mesh
spacing 7T, by the general symbol K. However, these constants in general do
depend in particular upon m, (b - a), and the order of various derivatives
considered, as well as upon the constant a if Ll E &p.,(a, b).

3. BASIC COMPARISON FUNCTIONS

The idea behind the proofs to follow is an elementary one, based on the
triangle inequality. From known interpolation errors for smooth functions
g (e.g., Lemma 3.1), error bounds for less smooth functionsfare determined
as follows. A smooth piecewise polynomial interpolation g offis constructed,
and bounds for f - g are determined (Lemma 3.2). A spline interpolate, s,
offis then defined, which is also a spline interpolant of this smooth g. Then,
bounds for f - s will follow from known bounds for f - g and g - s.

To begin, given any g E Cm- 1[a, b], it is known (cf. Schultz and Varga [32])
that there exists a unique s E Sp(L, Ll, z) such that

Di(g - S)(Xi) = 0, 0 ~ j ~ Zi - 1, if 0 < i < N,

Di(g - s)(a) = Di(g - s)(b) = 0, 0 ~j ~ m - 1,
(3.1)

and s is said to interpolate g under Hermite boundary conditions, correspon­
ding to the fact that s interpolates g and all its derivatives at the endpoints of
[a, b]. Because such boundary interpolation insures the second integral
relation (cf. Ahlberg, Nilson, and Walsh [3, p. 205]) the following error
bounds are typical (cf. Hedstrom and Varga [16, Theorem 3.6]), and follow
from results of Jerome and Varga [20], Schultz and Varga [32], and Perrin
[25].

LEMMA 3.1. Given g E W:m[a, b] and given Ll E ~(a, b), let s be the unique
element in Sp(L, Ll, z) which interpolates g in the sense of (3.1). Then,for
2 ~ q ~ 00,

0~j~2m-1.

(3.2)
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For polynomial splines, i.e., L = Dm, II g Ilw:m[a.bj can be replaced by

in (3.2).

We remark that such error bounds (3.2) are in fact valid for more general
boundary interpolation (cf. Schultz and Varga [32, Theorem 8]), as well as
for the more general Besov spaces (cf. Hedstrom and Varga [16]). Generaliza­
tions to other boundary interpolation will be given in Section 8, but generali­
zations to Besov spaces, which follow rather easily from the results of [16],
will not be considered here. It is interesting to note that the proof of
Lemma 3.1 requires only the tools of advanced calculus.

We now construct a polynomial spline g E H(2m+lJ(J) which is close to a
given (not necessarily smooth) functionfdefined on [a, b].

LEMMA 3.2. Given fE Ck[a, b] with °~ k < 2m and given J E :YJa(a, b),
let g be the unique element in HC2m+lJ(J) such that

Di(f - g)(xi ) = °
Dig(Xi) = 0,

Then, g E C2m[a, b] and

°~ l' ~ k, °~ i ~ N,

k < l' ~ 2m, °~ i ~ N.
(3.3)

°~1' ~ k,
k <1' ~ 2m.

(3.4)

Proof Given 4m + 2 arbitrary real numbers (Xi, fJi , °~ i ~ 2m, and
any finite interval [c, d] with c < d, it is well known that there exists a unique
polynomial p(x) of degree at most (4m + I) such that Dip(C) = (Xi'
Dip(d) = fJi , °~ j ~ 2m. From this, it follows that a unique polynomial
spline g E H(2m+l)(J) exists, satisfying (3.3). It thus remains to prove (3.4).

First we establish the special case k = °of (3.4). Let epO.l(X) and epl,l(x) be
the unique polynomials of degree (4m + 1) (cf. the proof of Theorem 7.4)
such that

Diepi.l(O) = 0i.lOi.O' Diepi.l(l) = 0i.lOU, °~ l' ~ 2m, i = 0, I, (3.5)

where Oi.i denotes the Kronecker 0 function. It is readily verified that

epO.O(X) ~ 0, epl,o(x) ~ 0, and epo.o(x) + epl.O(X) == I for x E [0, 1], (3.6)

so that epo.o and epl.O form a partition of unity. If [Xi' Xi+l] is any subinterval
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of [a, b] determined from L.1 E ~(a, b), it follows from (3.3) that g can be
expressed as

(X- x.) (X - x.)
g(x) = f(Xi) CPo.o -h-.-' + f(Xi+l) CPl,O~ ,, , X E [Xi, Xi+I]' (3.7)

where hi == Xi+I - Xi . Since CPo.o + CPl,O - I, we can express f(x) as

f(x) = f(x) CPo.o (X ~. Xi) + f(x) CPu (X ~. Xi),, ,
Thus,

[(f - g)(X) I ~ [f(x) - f(Xi)! CPo.o (X ~. Xi) + [f(x) - f(Xi+l) [ CPu (X ~. Xi), ,
~ w(f, hi) for X E [Xi' Xi+I]'

using the definition of the modulus ofcontinuity w in (2.7). But as

w(f, hi) ~ w(f, 7T),

then

IIf - g Ik,,[a.b] ~ w(f, 7T),

the desired first inequality of (3.4) for the case k = O. Next, again using the
fact that CPo.o + CPu - I, it follows from (3.7) that

Dig(x) = hii(f(xi) - f(Xi+l)) Dicpo.o (X ~. Xi),,
and hence,

I ~j ~ 2m.

But, as hii ~ (rr)-i ~ (7T/a)-i since L.1 E ~(a, b), [cf. (2.2)], we thus have

I ~j ~ 2m,

the desired second inequality of (3.4) for the case k = O.
Suppose now that k ~ 1. From Taylor's formula, we can write for

X E [Xi, Xi+I] that

k-l Dif(Xi) . h/ II (X - Xi )k-l k
f(x) = L -.-,- (X - Xi)' + (k _ 1) , -h-.- - t D '!(Xi + hit) dt,

i=O J. . 0' +

where as usual

for y ~ t,
for y < t.
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Because

h·k II (X - x· )k-l I
(k ~ I)! 0~ - t + dt = k! (x - X;)k,

we can also express f(x) as

k-l Djf(x) a
f(x) = j~fl (x - Xi)j + k! (x - Xi)k

h·k II (X - x· )k-l+ (k ~ 1)! 0~ - t + {Dkf(Xi + hit) - a} dt, (3.8)

1= 0 or 1,o~j < k 1
k ~j ~ 2m\'

for any scalar a. Next, for each fixed to E (0,1), let Q(y; to) be the polynomial
interpolation, as a function of y, of (y - to)~-1 such that Q( y, to) is a poly­
nomial of degree (4m + 1) in y with

ID j( )k-l
D/Q(Yt ; to) = 10,Y Yt - to + ,

where Yo = 0 and Y1 = 1, and D y denotes differentiation with respect to the
first variable, y. Because this interpolation of (3.3) is linear and in fact exact
for polynomials of degree at most k, we have, in the manner of the Peano
kernel theorem (cf. Sard [26, p. 14]) that the function g of (3.3) can be
expressed on [Xi, Xi+l] for any scalar a as

k-l Djf(x) a
g(x) = j~fl (x - Xi)j + k! (x - Xi)k

h·
k

II (X - x· )+ (k ~ 1)! 0 Q ~; t {Dkf(Xi + hit) - a} dt

+ hik [(Dkf(Xi) - a) 4>O.k C~. Xi),

(
X - x.)]+ (Dkf(Xi+l) - a) 4>1.k~ . (3.9)

Subtracting (3.9) from (3.8) gives us, after differentiation,

Dj(f - g)(X) = (k!i
1
)! s: IDyj [(X ~i Xi - t(-1 - Q (X ~i Xi; t)]!

x {Dkf(Xi + hit) - a} dt

- h~-j [(D'i(Xi) - a) D
j
4>O,k (X ~. Xi),

+ (Dkj(Xi+1) - a) Dj4>I,k (X ~. Xi)], (3.10),
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for 0 ~j ~ k - 1. Because Diepi,k(Y) is bounded in [0, 1J and

D/{(y - t)~-1 - Q(y; t)}

13

is uniformly bounded in [0, 1] x [0, 1] for all 0 ~ j ~ k - 1, we see from
(3.10) that for x E [Xi' Xi+l],

I Di(f - g)(X) I ~ Kh~-i If: I Dkj(Xi + hit) - n: I dt

+ I Dkf(xi) - n: I + IDkf(Xi+l) - n: II, (3.11)

Hence, upon choosing n: = Dkf(x), we have

II Di(f - g)IIL",[<I!"x'+ll ~ Kh~-iw(DY, 7T), O~.i~k-l,

from which the first inequality of (3.4) follows for 0 ~ j ~ k - 1.
For the case j = k ~ 1, we have using (3.9) that

Dk(f - g)(x) = (Dkf(x) - n:) - (k ~ 1)! ( D1/Q (X ~ Xi ; t)

X {D"j(Xi + hit) - n:} dt

- [D'j(Xi) - n:] Dkepo,k (X 7z. Xi)
•

Again, choosing n: = Dkf(x), we see that each of the above terms can be
bounded above in terms of w(Dkj, 7T), so that

o~ i ~ N - 1,

from which the special case j = k of (3.4) follows.
For the case 1 ~ k <j ~ 2m, it follows from (3.9) that

DJg(x) = h~-i If: D.,/Q ( ~ Xi ; t) {D'1(Xi + hit) - n:} dtJ(k - I)!

+ [Dkf(Xi) - n:] DJepo,k (X 7z
i

Xi)

(3.12)
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Because Diepi.k( y) is bounded in [0, 1] and D1/Q(y; t) is uniformly bounded
in [0, 1] X [0,1] for all 0 ~j ~ 2m, the choice ex = Dkf(x) then gives

O~i~N-1.

Again, since J E ~(a, b), the above inequality can be extended over [a, b) in
the manner of (2.6), to give

k < j ~ 2m,

the desired second inequality of (3.4), Q.E.D.

Since by definition W:+1[a, b) C Ck[a, b) for any 1 ~ r ~ 00, the results
of Lemma 3.2 directly apply to the elements of W:+1[a, b). In this case, the
modulus of continuity w(Dkj, 7T) can be suitably bounded above as follows.
For any fE W:+1[a, b) and any x, y E [a, b] with 0 ~ I y - x I ~ 7T, we see
from Holder's inequality that

I Dk(f(y) - f(x)) I = I5: Dk+1f(t) dt I~ I y - x !Hl/r) II Dk+1fllqa.b] ,

so that

(3.13)

K7Tk+1-i-(l/rl+(l/q) II Dk+lI'll >- \11 Di(f - g)IIL,,[a,b] ,
J Lr[a,b];:;--- III Dig II L.[a,b] ,

Substituting the above inequality in (3.4) then gives the error bounds of
(3.14) in the uniform norm, q = 00. In a similar way beginning with (3.11)
and using Jensen's inequality, as in Birkhoff, Schultz, and Varga [7,
Theorem 2], we also obtain error bounds in the L q norm. We state this as

COROLLARY 3.3. With the hypotheses of Lemma 3.2, if f E W:+1[a, b)
with 0 ~ k < 2m and 1 ~ r ~ 00, then for r ~ q ~ 00,

o ~j ~ k,
k < j ~ 2m.

(3.14)

Actually, a more general form of Corollary 3.3 can be established, which
is closely related to the recent interpolation results of Golomb [15] for
functions f with Dkf piecewise continuous on [a, b]. We give this in
Corollary 3.4 below. See also Swartz [39, Corollary 4.3] for the corresponding
generalization of Lemma 3.2.

COROLLARY 3.4. Given f(x) defined on [a, b) such that Dk-1j (for k ~ 1)
is absolutely continuous and Dkj, 0 ~ k < 2m, is defined and piecewise­
continuous on [a, b] with M ~ 0 discontinuities in the points {Yj}~l C (a, b),
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assume that D'i is absolutely continuous on each subinterval (Yi' Yi+l),°~ i ~ M, (where Yo = a, YM+l = b,), with Dk+lfE Lr[Yi' Yi+l],°~ i ~ M,
where 1 ~ r ~ 00. If LJ E~(a, b), and if g in H(2m+1l(LJ) is the unique inter­
polant off in the sense of (3.3), thenfor r ~ q ~ 00,

o~j ~ k,
k <j ~ 2m.

(3.15)

Proof As in the case of Corollary 3.3, we shall establish the inequality
of (3.15) only in the case q = 00; the case of general q with r ~ q ~ 00
follows again from Jensen's inequality. For any subinterval [Xi, Xi+l] deter­
mined by the partition LJ of [a, b], suppose first that [Xi' Xi+l] contains no
discontinuity of Dkf Then, for 0 ~ j ~ k - 1, it follows from (3.11) with
ex = Dkf(x) and from (3.13) that

As in the proof of Lemma 3.2, this inequality is also valid for k = j. On the
other hand, if [Xi, Xi+l] does contain at least one discontinuity of Dkf, then
it follows from (3.11) with ex = D"f(x) that for 0 ~ j ~ k,

Since the sum of the upper bounds of the previous inequalities bounds
II Di(f - g)IIL [", '" 1 for any i, then we deduce that

00 i" i+l

which is the desired result of the first inequality of (3.15) when q = 00. The
rest is similarly established. Q.E.D.

As an example illustrating the result of Corollary 3.4, consider any
fE W2

1[O, 1] withf(O) = 1, and definefon [-1, +1] by means of an odd
extension, so thatfis discontinuous at X = O. Then,fsatisfies the hypotheses
of Corollary 3.4 with k = 0 and M = 1. As w(f, 7T) ~ 2 and is bounded
above, we have from (3.15) with r = q = 2 andj = 0 that

We now prove an analogue of Lemma 3.1 which includes less smooth
functions.
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THEOREM 3.5. GivenfE Ck[a, b] with 0 ~ k < 2m and given .1 E ~(a, b),
let s be the unique element in Sp(L, .1, z) such thatfor Zo - m == ZN,

Di(f - S)(Xi) = 0,

DiS(Xi) = 0,

o~ j ~ min(k, z, - 1), 0 ~ i :;( N,

if min(k, Zi - 1) < j :;( Zi - 1, 0 ~ i ~ N.

(3.16)
Then,jor 2 ~ q ~ 00,

Krrk-i-ll/2)+11jq){w(Dkj, 7T) + 7T2m- k Ilfllw.k[a,b]}

>- \11 Di(f - s)IILq[a.b] , 0 :;( j :;( k, (3.17)
:;.-- III Dis IIL.[a.b] , if k < j :;( 2m - 1.

For polynomial splines, i.e., L = Dm, the term involving Ilfllwl[a.b] can be
deleted in (3.17).

Proof Given f E Ck[a, b], let g E C2m[a, b] be its interpolation in the
sense of (3.3) of Lemma 3.2. The triangle inequality gives us for 2 ~ q ~ 00

that

II Di(f - s)IILq[a,b] ~ II Di(f - g)IILq[a,b] + II Di(g - s)IILq[a,b] , 0 ~ j ~ k.

(3.18)

Next, note that s, while interpolatingfas described in (3.16), necessarily also
interpolatesg in the sense of Lemma 3.1. Thus, from (3.2) of Lemma 3.1,

II Di(g - s)IIL.[a,b] ~ K7T2m- i -(1/2l+(1/qj II g IIw~m[a,b] , 0 :;( j ~ 2m - 1.
(3.19)

We now bound II g Ilw:m[a.b] . For any I with k < I ~ 2m, we have from (3.4)
of Lemma 3.2 that

o ~ I ~ k.

k < I ~ 2m.II Dig IIL.[a.b] ~ K7Tk
-
Iw(DY, 7T),

For any I with 0 ~ I ~ k, we evidently have

Ii Dig liL.[a,b] ~ II DI(f - g)IIL.[a,b] + II n1'IIL.[a,b] ,

(3.20)

Using (3.4) of Lemma 3.2 to bound the first term on the right-hand side of
the above inequality gives

o~ I ~ k. (3.21)

Then summing the inequalities of (3.20) and (3.21) gives [cf. (2.5)]

2m

II g Ilwlm[a,b] = L II Dig IIL.[a.b] ~ K{7T
k
- 2mw(Dkj, 7T) + Ilfllw.k[a.b]},

1=0
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and substituting this bound in (3.19) then yields the following upper bound
for the last term of (3.18):

II Di(g - s)IIL.[a,b] ~ KTTk- i-(l/2)+(1jq){w(Dkj, TT) + TT2m- k IlfIIW
2

k [a.b]},

o~ j ~ 2m - 1. (3.22)

Of course, if polynomial splines are used (L = Dm), the term involving
IlfIIW

2
k[a.b] can be deleted (cf. Lemma 3.1). Finally, the first term on the

right-hand side of (3.18) can be bounded above by (3.4) of Lemma 3.2, so
that combining this bound with (3.22) gives

IIDi(f - s)IIL.[a.b] ~ KTTk- H1 /2)+(l/q){w(Dkj, TT) + TT2m- k IlfIIW
2
k[a.b]},

o~j ~ k,

the desired result of the first inequality of (3.17). Next, if k < j ~ 2m - 1,
then the use of the same technique to bound the terms on the right-hand side
of

II DiS IIL.[a,b] ~ II Di(g - s)IIL.[a,b] + II Dig IIL.[a,b] ,

yields the second inequality of (3.17).

if k < j ~ 2m - 1,

Q.E.D.

In a similar way, the following extension of Theorem 3.5 is easily
established.

COROLLARY 3.6. With the hypotheses of Theorem 3.5, if fE W:+1[a, b]
with 1 ~ r ~ OCJ and 0 ~ k < 2m, thenfor max(r, 2) ~ q ~ 00,

K TTk+1 -}+(l/q)+min(-1/r,-1/2) II fll w~+l[a,b]

>-111 Di(f - s)IILq[a.b] , 0 ~ j ~ k, (3.23)
Y' II DiS IIL.[a.b] if k < j ~ 2m - 1.

For polynomial splines, IlfllW:+1La,b] , can be replaced in (3.23) by II Dk+lfIILr[a.b]'

There is, of course, an obvious extension of the result of Corollary 3.6,
under the weaker hypotheses of Corollary 3.4. Such extensions will, for
reasons of brevity, be omitted.

We remark that Corollary 3.6 generalizes the result of Lemma 3.1, in that
the first inequality of (3.23) of Corollary 3.6 for the case k = 2m - 1 and
r = 2, reduces to the inequality (3.2) of Lemma 3.1.

For the error bounds established in this section for various types of spline
interpolation, we remark that in many cases these bounds have been shown
(as in Birkhoff, Schultz, and Varga [7], Schultz and Varga [32], and Golomb
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[15]) to be sharp, in the sense that the exponents of 7T cannot in general be
improved. Finally, since the result of Corollary 3.6 is valid for general
L-splines, we remark that the bounds of (3.23) in particular extend to even
less smooth functions all the upper bounds recently obtained by Schultz [31]
for polynomial splines, i.e., L = Dm.

4. L-SPLINE INTERPOLANTS VIA LAGRANGE INTERPOLATION

We begin with the following extension of a result of Schultz [29, Theorem
6.1].

THEOREM 4.1. Given fE Ck[a, b], k ~ 0, and given Ll E ~(a, b) with at
least (n + 1) knots, i.e., Ll : a = Xo < Xl < '" < XN = b with N ~ n, let
L ...d, n ~ 1 fixed, denote the Lagrange polynomial interpolation of degree n
offin the knots Xi' Xi+l ,... , xi+.. , where 0 :(; i :(; N - n, i.e.,

Then,for s ::::::: minCk, n),

i :(; j :(; i + n. (4.1)

O. :(; j :(; s, (4.2)
} > s.

Proof Consider first the case when k = O. It is well known that we can
write L ...das

where

i+n

(Ln.d)(x) = L f(x;) l;(x),
j=i

i+n i+n

l;(x) = n (x - XI) / n (x; - XI).
I~i I~i

I'h 1#;

(4.3)

From their definition, it is clear that the lj(x)'s form a partition of unity i.e.,
~+nLH lj(x) = 1. Thus, we can express f as

i+n
f(x) = L f(x) l;(x),

;=i

Hence,
i+n

(f - Ln.d)(x) = L (f(x) - f(xj)) l;(x),
j=i
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Because L1 E ~(a, b) and m is fixed, it is readily verified that
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r ~ o. (4.5)

Using the above inequality for r = 0 in (4.4) then gives

lif - Ln.Jlk",[x;.xi+n1 ::( Kw(j, 7T),

the special case s = 0 of the first inequality of (4.2). Next, since the l;(x)'s
form a partition of unity, then for any r with r > 0,

i+n

f(x) L Drl;(x) == 0,
j=i

Hence, from (4.3) we can write

i+n

Dr(Ln.d)(x) = L (f(Xj) - f(x» Drlj(x),
i=i

r > 0, x E [Xi' Xi+n],

and applying the bounds of (4.5) in the above expression then gives the second
inequality of (4.2) for the special case s = O. For k > 0, one can use the
Peano kernel theorem argument, as employed in the proof of Lemma 3.2.

Q.E.D.

For functions f E W:+l[a, b], we have the following extension of
Theorem 4.1.

CoROLLARY 4.2. With the hypotheses of Theorem 4.1, if fE W:+1[a, b]
with k ~ 0 and 1 ::( r ::( 00, then for s - minCk, n) and r ::( q ::( 00,

o ::( j ::( s,
j > s.

(4.6)

It is now useful to quote a stability (or perturbation) result concerning
two-point Hermite interpolation, due to Swartz [37, 38].

LEMMA 4.3. Let hex) be any polynomial of degree at most (4m + 1) satis­
fying

I Djh(O)I ::( F(8) 8-j, I D ih(8)[ ::( F(8) . 8-i , o ::( j ::( 2m, (4.7)

for some function F(8). Then, for 1 ::( q ::( 00,

II Dih II L.[O.B] ::( KF(8) . 8-J+(1/q), j ~ O. (4.8)
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The next stability result shows that error bounds similar to those of (4.2)
of Theorem 4.1 hold for the Lagrange polynomial interpolation of approxi­
mate data.

THEOREM 4.4. Given fE Ck[a, b], k ~ 0, and given L1 E ~(a, b) with at
least (n + 1) knots, i.e., L1 : a = Xo < Xl < ... < x N = b with N ~ n, let
In.d, n ~ 1 fixed, denote the Lagrange polynomial interpolation of approxi­
mate values offin the knots Xi, Xi+! ,... , Xi+n, 0:« i :« N - n, i.e., In.ifis a
polynomial of degree n satisfying

(4.9)

where, with s = minCk, n), we assume that a function F(f, 17) exists such that

(4.10)

Then,

o :« j :« s,
j > s.

(4.11)

Proof If Ln.d denotes the Lagrange polynomial interpolation offin the
sense of (4.1) of Theorem 4.1, then we can write

Di(f - In.d)(x) = Di(f - Ln.d)(x) + Di(Ln.d - In.d)(x),

Diln.d(x) = Di(Ln.d)(x) + Di(ln.d - Ln.d)(x),
(4.12)

where In.d is the Lagrange polynomial interpolation defined by (4.9).
Clearly,

II Di(f - Ln.d)lk,,[xi.XHnl

:« II Di(f - Ln.d)lk,,[Xi.XHnl + II Di(Ln.d - Ln.d)IILoo[xi,xHnl' (4.13)

For 0 :« j :« s, the first error bound of (4.2) of Theorem 4.1 can be used to
bound the first term on the right of (4.13). To bound the second term on the
right of (4.13), we have from the definition of lix) in (4.3) and the hypothesis
of (4.10) that

I Di(Ln.d - Ln.d)(x)] = \if (f(Xk) - CXk) Di1k(X)!
k~.

i+n

:« l7 SF(f, 17) L I Dilk(x)I
k=i
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the last inequality following from (4.5). Thus,

II Di(Ln.J - Ln.d)lk"["'i''''i+nJ ,s;; K7T
s
- iF(f, 7T), (4.14)

which then gives the desired result of the first inequality of (4.11). The proof
of the second inequality of (4.11) is similar. Q.E.D.

The analogue of Corollary 4.2 for Theorem 4.4 is

COROLLARY 4.5. With the hypotheses ofTheorem 4.4, iffE W;+l[a, b] with
k ~ 0 and 1 ,s;; r ,s;; 00, and for s = minCk, n), if [cf, (4.10)]

then for r ,s;; q ,s;; 00,

i ,s;; j ,s;; i + n, (4.15)

K 7Ts+1- i -(1/rl+(l/Q) II Ds+Y"IILr["'i''''i+nJ

~ !II D~(f - Ln.d)IIL,,["'i''''i+nJ ,
II D'(Ln.d)IIL.["'i''''i+nJ ,

o ,s;;j,s;; s,
j > s.

(4.16)

We now show how one may estimate derivatives off at knots, needed to
define L-spline interpolants.

THEOREM 4.6. GivenfE Ck[a, b] with 0 ,s;; k < 2m and given LJ E~(a, b)
with at least 2m knots, let s be the unique element in Sp(L, LJ, z) such that
Zo = m == ZN'

O,s;;j,s;;Zi-I,O,s;;i,s;;N, (4.17)

where L2m- 1•i f is any Lagrange polynomial interpolation off in 2m consecutive
knots Xi , Xi+! ,... , xJ+2m-l with Xi E [Xi' Xi+2m-l]. Then, for 2 ,s;; q ,s;; 00,

K7Tk- H1 /2l+(lM{w(Dkj, 7T) + 7T2m- k Ilfllw.k[a.bJ}

~ !II Di(f - s)IIL,,[a.bJ , 0 ,s;; j ,s;; k, (4 18)
c?" II DiS IIL.[a.bJ , if k < j ,s;; 2m - 1. .

For polynomial splines, i.e., L = Dm, the term involving Ilfllw.k[a.bJ in (4.18)
can be deleted.

Proof This is a "3E" proof. Let t E Sp(L, LJ, z) be the unique L-spline
which interpolates f in the sense of (3.16) of Theorem 3.5, and let
h E HI2m+)l(LJ) be the unique polynomial spline such that

o,s;;j,s;; k,
k <j,s;; 2m.

(4.19)
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Writingf - s = (f - t) + h + [(t - s) - h), we evidently have that

/I D;(f - S)/lLq[a.b]

::s; II DiU - t)IILq[a.b] + II Dih IILq[a.b] + II D;(h - [t - s])IILq[a.b] (4.20)

for 0 ::s; j ::s; k. The first term on the right side of (4.20) can be bounded
above by (3.17) of Theorem 3.5. For the second term on the right side of
(4.20), we see from the definition in (4.19) and Theorem 4.1 that h satisfies
the conditions (4.7) of Lemma 4.3 on each subinterval [Xi' Xi+1) defined by LJ,
with

F(S) == KSkW(Dkj, S).

Again, because LJ E 9,,(a, b), it follows from (4.8) of Lemma 4.3 that for
2 ::s; q ::s; 00,

II Dih IILq[a.b] ::s; K7Tk- iw(Dkj, 7T), 0 ::s; j ::s; 2m. (4.21)

For the third term on the right side of (4.20), we observe that t - s is the
unique L-spline interpolant of hE C2m[a, b), in the sense of (3.1). As such, we
can apply the bounds of (3.2) of Lemma 3.1. But, from (4.21), we see that

il h Ilwim[a.b] ::s; K7Tk- 2mw(Dkj, 7T).

Consequently, from (3.2), for 2 ::s; q ::s; 00,

II Di(k - (t - s))IILq[a,b] ::s; K7Tk- i-(l/2)+(1fq)w(Dkj, 7T), 0 ::s; j ::s; 2m - 1.

Combining these bounds gives the desired result of the first inequality of
(4.18). The remainder ofthe proof is similarly established. Q.E.D.

We remark that the error bounds of (4.18) of Theorem 4.6 and (3.17) of
Theorem 3.5 are identical even though the splines of interpolation in each
case are necessarily different. Note moreover that the interpolation of (4.17)
of Theorem 4.6 does not explicitly depend upon the continuity class of j, in
contrast with the interpolation of (3.16) of Theorem 3.5. In Section 5, we
shall show in a stability result that there is in fact a family of splines approxi­
mately interpolating f which satisfy these identical error bounds.

We conclude this section with an analogue of Corollary 3.6.

COROLLARY 4.7. With the hypotheses of Theorem 4.6, if fE W~+1[a, b)
with 1 ::s; r ::s; 00 and 0 ::s; k < 2m, then for max(r, 2) ::s; q ::s; 00,

K 7Tk+1-H(lfq)+mlnl-l/r.-l/2) /I fIIW~+I[a.b]

>-: III DiU - s)IILq[a.b] , 0 ::s; j ::s; k,
~ II Dis/iLora.b] ' if k < j::;;; 2m - 1.

For polynomial splines, IIfllw:+I[a.b] can be replaced by II Dk+lfIILr[a.b] .
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5. STABILITY OF L-SPLINE INTERPOLATION
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The technique of proof of Theorem 4.6 yields the following stability
result of Theorem 5.1, which generalizes Theorem 4.6. Roughly stated, one
can suitably perturb the data defining an L-spline interpolant without
affecting the nature of the original error bounds.

THEOREM 5.1. GivenfE Ck[a, b] with 0 ~ k < 2m and given Lt E ~(a, b),
let s be the unique element in Sp(L, Lt, z) such that for Zo == m == ZN'

O~j~zi-l, o ~ i ~ N, (5.1)

where it is assumed that functions Fi(f, 7T) exist such that for 0 ~ i ~ N,

K k-iF(f, ) >- \1Dif(xi) - lXi.i I, 0 ~ j ~ minCk, Zi - I),
7T ., 7T ;;0-- IllXi.i I, if minCk, Zi - I) < j ~ Zi - 1.

(5.2)

Define II FliT == [7T L~o F/(f, 7T)](1/T> ,for I ~ r ~ 00. Then,jor 2 ~ q ~ 00,

K7Tk-i-(1j2)+(1jq){(w(Dkj, 7T) + II FI12 + 7T2m- k Ilfllw.k[a.bJ}

>- \11 Di(f - s)lk,[a.bJ , 0 ~ j ~ k, (5 )
;;0-- III Dis IIL.[a.bJ , if k < j ~ 2m - 1. .3

For polynomial splines, i.e., L = Dm, the term involving Ilfllw.k[a.b] in (5.3)
can be deleted.

Proof Let h E H(2m+!)(Lt) be the unique polynomial spline such that

IDij(Xi) - lXi.i' 0 ~ j ~ minCk, Zi - I),
Dih(xi) = -lXi.i' if minCk, Zi ---:- I) < j ~ Zi - 1, (5.4)

0, Zi - 1 < ] ~ 2m,

for all 0 ~ i ~ N, and let t E Sp(L, Lt, z) be the unique L-spline defined by
(3.16) of Theorem 3.5. Writing f - s = (f - t) + h + [(t - s) - h], then
for 2 ~ q ~ 00, and 0 ~ j ~ k,

II Di(f - s)IIL.[a.b]

~ II Di(f - t)IIL.[a.bJ + II Dih IIL.[a,bJ + II Di(h - [t - s])IIL.[a.b] . (5.5)

The first term on the right side of (5.5) can be bounded above by (3.17) of
Theorem 3.5, i.e.,
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Next, from the hypotheses of (5.2), and the definitions of (5.4), we evidently
have from (4.8) of Lemma 4.3 that

(5.6)

But, since

N

~ (F;2(f, 7T) + F;+l(f, 7T»1/2 ~ L: Fl(f, 7T»1/2 = 7T-1/211 FI12
j~O

for all 0 ~ i ~ N - 1, then

Similarly, squaring, integrating the inequality of (5.6), and then summing on
i yields

(5.7)

Then, it follows from the last two inequalities for 2 ~ q ~ 00 that

(5.8)

which bounds the second term on the right of (5.5). Next, we observe, as in
the proof of Theorem 4.4, that t - s is the unique L-spline interpolation of
hE C2m[a, b] in the sense of (3.1). Since we have from (5.7) that

II h Ilw~m[a.bl ~ K7Tk- 2m II F112'

the error bounds of (3.2) of Lemma 3.1 then give us

// Dj(h - (t - S»//L.[a.bl ~ K7Tk-i-(lj2J+lljqj // F//2 .

Inserting these inequalities in (5.5) then gives us the first desired inequality
of (5.3). The lower inequality of (5.3) follows in similar fashion. Q.E.D.

We remark that the error bounds of (5.3) of Theorem 5.1 reduce to the
common bounds of(3.17) ofTheorem 3.5 and (4.18) ofTheorem 4.6 whenever
IIFI12 ~ Kw(Dkf,7T). Thus, there is a family of splines approximately inter­
polatingfwhich satisfy the bounds (3.17) or (4.18).

We conclude this section with an analogue of Corollary 4.7.

COROLLARY 5.2. With the hypotheses of Theorem 5.1, if fE W~+l[a, b]
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with 1 ~ r ~ 00 and 0 ~ k < 2m, and if functions Flf, 7T) exist [cf (5.2)]

such that for 0 ~ i ~ N,

K k+l-iF-(! ):>- II Dif(Xi) - OI.i.i I, 0 ~ j ~ minCk, Zi - 1), (5.9)
7T .' 7T ;/' I .. I if· (k 1) < . ,,;: 101.•• 1 , I mIn ,Zi - } ~ Zi - ,

then for max(r, 2) ~ q ~ 00,

For polynomial splines, Ilfllw:+l[a.bl can be replaced by II Dk+YIILrla.bl .

6. IMPROVED ERROR BOUNDS FOR INTERPOLATING HERMITE L-SPLINES

Thus far, our error bounds for general L-sp1ine interpolation in the uniform
norm [cf. (3.23) with q = 00] for functions f in W:+l[a, b] have had an
exponent of 7T which is one-half less than those for the corresponding poly­
nomial spline error bounds in the uniform norm [cf. (7.17)] for functionsfin
W~+l[a, b]. In general, these error bounds for L-spline interpolation are
sharp (cf. Schultz and Varga [32]), but we now show that the general im­
proved form of the error bounds in the uniform norm for polynomial splines
can also be obtained for what we shall call Hermite L-spline interpolation. If
the incidence vector Z = (Zl ,... , ZN-l) for the L-spline space Sp(L, Ll, z) is
such thatzi == m, 1 ~ i ~ N - 1, then

H(L, Ll) = Sp(L, Ll, z)

is called the Hermite L-spline space, where L is the differential operator of
order m of (2.3).

The first result (6.2) of this section involving Hermite L-splines improves
(3.1 7) of Theorem 3.5 for any 2 < q ~ 00.

THEOREM 6.1. GivenfE Ck[a, b] with 0 ~ k < 2m and given Ll E ~(a, b),
let s be the unique element in H(L, Ll) such that

DiS(Xi) = 0, if minCk, m - 1) < j ~ m - 1, 0 ~ i ~ N.

Di(f - s)(Xi) = 0, o~ j ~ minCk, m - 1), 0 ~ i ~ N,
(6.1)
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Then,
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K7T
k- i{W(Dkf, 7T) + 7T2m- k Ilfllw",k[a.b)}

::::;, \11 Di(f - s)IIL",[a,b] , 0 :'( j :'( k, (6.2)
? III DiS IIL",[a.b) , if k < j :'( 2m - 1.

For polynomial splines, the term involving Ilfllw",k[a,b) can be deleted in (6,2).

Proof Let g E H<2m+!l(Ll) be the polynomial spline interpolation of fin
the sense of (3.3) of Lemma 3.2, Writing f - s = (f - g) + (g - s), and
s = g + (s - g), it is evident that

II Di(f - s)IIL",[a,b) :'( II Di(f - g)lk,)[a,b) + II Di(g - s)IIL",[a,b) ,

o :'( j :'( k,

II DiS IIL",[a,b) :'( II Dig IIL",[a,b) + II Di(g - s)IIL",[a,b) ,

k<j:'(2m-1.

(6.3)

Clearly, the results of Lemma 3.2 suitably bound the first terms on the right
side of (6.3). Next, by definition, s is also the H(L, Ll)-interpolant of g in the
sense that

Di(g - S)(Xi) = 0, o :'( j :'( m - 1, o :'( i :'( N.

As such, we could make use of recent results of Ciarlet and Varga [13,
Corollary 4], but a self-contained proof is instead given. Let G(g, "I) denote
the Green's function for the boundary-value problem

D2my(X) = T(X) , X E (0, 1),

Diy(O) = Diy(l) = 0,0 :'( j :'( m - 1.

Because s interpolates g at the knots Xi we can write for x E [Xi' Xi+l] that

Di(g - s)(x) = h~m-j f: [OiG (X -;'i Xi, TJ)/ogi] D2m(g - S)(Xi + TJhi ) dTJ,

O:'(j:'( 2m - 1,

where hi = Xi+! - Xi; and the boundedness of oiG(g, TJ)/ogi in [0,1] X [0, 1]
gives us for 0 :'( j :'( 2m - 1, X E [Xi, Xi+1], that

(6.4)
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Next, since the leading coefficient cm(x) in the definition of the operator L is
strictly positive in [a, b] (cf. Section 2), then L*Ls(x) = 0 in (Xi' Xi+l)

implies that

2m-l

D2ms(x) = L dz(x) Dls(x),
I~O

where each dl(x) is bounded on [a, b], so that

2m-l

II D
2m

s Ik",[a.b) :::;; K L II DIs Ik",£a.b) .
I~O

By means of the triangle inequality, this can also be bounded above by

k

II D2ms Ik,,[a.b) :::;; K L {II D~flk,,[a.b) + II DI(f - g)lk,,[a.b)
I~O

2m-l

+ II DI(g - s)lk,,[a.b]} + K L II DIs Ik",[a.b] .
Z=k+l

The first sum, by (2.5), is just Kllfllw""k[a.b) ' and the second sum is bounded
above from (3.4) of Lemma 3.2 by Kw(Dkf, 7T), which in turn is bounded
above by K II f II W""k[a.b) • The third and fourth sums are, from (3.23) of
Corollary 3.6 with k = 2m - 1 and r = 00, bounded above by II g Ilw~m[a,b)'

and hence

Thus, comparing with (6.4), it remains to bound II g Ilw~m[a,b) . By definition,
we can write

k 2m

II g IIW~m[a.b) = L II Dig IIL",,[a,b) + L II Dig IIL",,[a.b) ,
i~O i=k+l

and hence, from the triangle inequality,
k _

II g IIW~"[a,b) ~ L {II Di(j - g)IIL",,[a.b) + II DifIIL",,[a,b)} + L II Dig IIL",,[a,b) .
1-0 i~k+l

Applying the bounds of (3.4) of Lemma 3.2, it follows then that
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But combining this with the inequality of (6.4) gives for 0 :( j :( 2m - 1

from which the inequalities of (6.2) follow from (6.3). Q.E.D.

COROLLARY 6.2. With the hypotheses of Theorem 6.1, if fE W;+l[a, b)
with 1 :( r :( 00 and 0 :( k < 2m, then for max(r, 2) :( q :( 00,

K1Tk+l-i-(l/r)+(l/q) Ilfll k+l >-: \11 DiU - s)IIL.[a,b] , 0 :( j :( k,
Wr [a.b] y- III Dis IIL.[a,b] , if k < j :( 2m - 1.

(6.5)
The technique of proof of Theorem 6.1 yields the following stability result

of Theorem 6.3. We omit its proof.

THEOREM 6.3. GivenfE Ck[a, b) with 0 :( k < 2m and given LI E ~(a, b),
let s be the unique element in H(L, L1) such that

o :( j :( m - 1,0 :( i :( N, (6.6)

where it is assumed that functions Fi(f, 1T) exist such that for 0 :( i :( N,

K k-iF(f, ) >-: \I Di!(Xi) - Oli.; I, 0 :( j :( min(k, m - 1), (6 7)
1T ., 1T y- II Oli.; I, if min(k, m - 1) < j:( m - 1. .

Then,

K{1Tk- i(w(Dkf, 1T) + II Flloo + 1T2m- k IlfIIWook[a.b]}

>-: III DiU - s)IILoo[a.b] , 0 :( j :( k, (68)
y- II DifIILoo[a.b] , if k < j :( 2m - 1. .

In particular, if

o :( j :( m - 1, 0 :( i :( N, (6.9)

where L2m- 1.d is the Lagrange polynomial interpolation of f in the knots
Xi , Xi+l '00" XH2m-l with Xi E [Xi' XH2m-l], then the bounds of (6.8) are valid
with the term II F 1100 deleted.

COROLLARY 6.4. With the hypotheses of Theorem 6.3, if f E W:+l[a, b)
with 1 :( r :( 00 and 0 :( k < 2m and given L1 E ~(a, b), let s be the unique
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then for max(r, 2) ~ q ~ 00,

K7Tk+1-j-(ljr)+(ljQ){llfllw:+l[a.bl + II Fllr}

>- \11 Dj(f - s)IILq[a.bl, 0 ~ j ~ k, (6.11)
?' III Djs IILq[a.bl , if k < j ~ 2m - 1.

element in H(L, ..1) satisfying (6.6), where it is assumed that functions F/f, 7T)

exist [cf (6.7)] such that for 0 ~ i ~ N,

K k+1-jF(f, ) >- \1 Dj!(Xi) - Cii,j t, 0 ~ j ~ minCk, m - 1),
7T t, 7T ?' II Cii,j I, if minCk, m - 1) < j ~ m - 1,

(6.10)

7. POLYNOMIAL SPLINE INTERPOLATION OVER UNIFORM PARTITIONS

In this section, we prove a result for smooth polynomial spline interpolation
over uniform partitions. We begin by stating the following result of Swartz
[37], involving "odd-derivative" boundary interpolation [cf. (7.2)].

LEMMA 7.1. Given fE C2m[a, b] and given L1 u E ~(a, b), let s be the
unique element in Splm)(L1 u) such that

D2H(f - s)(a) = D2H(f - s)(b) = 0,

1 ~ j ~ m - 1, if m > 1.

(f - S)(Xi) = 0, o~ i ~ N,
(7.1)

Then,

o~ j ~ 2m - 1. (7.2)

The result of Lemma 7.1 can be generalized as follows; we remark that
the case k = 0 can be found in Swartz [38, Corollary 9.1].

(7.3)if 1 ~ 2j - 1 ~ k,

k < 2j - 1 ~ 2m - 3.

LEMMA 7.2. GivenfE Ck[a, b] with 0 ~ k < 2m and given L1 u E 9I{(a, b),
let s be the unique element in Sp(ml(L1 u ) such that

(f - S)(Xi) = 0, 0 ~ i ~ N,

D2H(f - s)(a) = D2H(f - s)(b) = 0

D2Hs(a) = D2HS(b) = 0 if

Then,

K k-j (Dkf, ) >- \11 Dj(f - s)lkXl[a.bl , 0 ~ j ~ k, (7.4)
7T W ,7T?, III Djs IkXl[a.bl , if k < j ~ 2m - 1.
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Proof. Let g E H<2m+l)(Ll u) be the unique interpolation off in the sense
of (3.3) of Lemma 3.2. Then, s, as defined in (7.3), is the unique Sp<m)(Ll u)­

interpolant of g in the sense of (7.1) of Lemma 7.1, and hence, from (7.2),

0~j~2m-1.

But, from (3.4) of Lemma 3.2, II D2mg IILao[a.b] ~ K7Tk- 2mW(Dkf, 7T) so that

o~ j ~ 2m - 1. (7.5)

On the other hand, from (3.4) of Lemma 3.2,

o~j ~ k,

and combining the last two inequalities establishes the first inequality of (7.4).
The second inequality of (7.4) follows similarly from (7.5) and (3.4) of
Lemma 3.2. Q.E.D.

We remark that the inequality of (7.2) will be seen (Lemma 8.3) to be valid
also using L 2 norms throughout. Hence, the conclusion of (7.2) can be
strengthened to read

This is used in proving

o ~j ~ 2m - I, 2 ~ q ~ 00. (7.2')

COROLLARY 7.3. With the hypotheses of Lemma 7.2, if fE W:+l[a, b]
with 0 ~ k < 2m and I ~ r ~ 00, then for max(r, 2) ~ q ~ 00,

K k+I-i-(l/r)+<l/q) II Dk+ljll ~ III Di(j - s)IIL.[a.b] , 0 ~ j ~ k,
7T L,[a.b]:;-- II Dis IIL.[a.b] , if k < j ~ 2m - 1.

(7.6)

We now prove one of our main results, which for spline spaces improves
(3.17) of Theorem 3.5 for any 2 < q ~ 00.

THEOREM 7.4. GivenfE Ck[a, b] with 0 ~ k < 2m andgiven Ll u E ~(a, b),
let s be the unique element in Sp<m)(Ll u) such that

(j - S)(Xi) = 0, 0 ~ i ~ N,

Di(j - s)(a) = Di(j - s)(b) = 0 for 0 ~j ~ min(k, m - 1), (7.7)

Dis(a) = DiS(b) = 0 if min(k, m - 1) <j ~ m - 1.
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K k-i (Dkj, ) >- \11 Di(f - s)IIL.,,[a.b] , 0 :s;: j :s;: k, (7.8)
1T W ,1T ~ III DiS 1!L.",[a.b] , if k < j :s;: 2m - 1.

Moreover, if Ll u has at least 2m knots, and S E Sp(m>(Ll u) is instead defined by
means of

(f - S)(Xi) = 0, 0 :s;: i :s;: N,

Dis(a) = Di(L2m_l .of)(a), 0 :s;: j :s;: m - 1,
(7.9)

where L2m-l.of is the Lagrange polynomial interpolation of f in the knots
Xo , Xl'"'' X2m- I ' with a similar definition of S at X = b, then the bounds of
(7.8) remain unchanged if s is replaced by S.

Proof I Let t E Sp<m>(Ll u) be the unique polynomial spline which inter­
polatesfin the sense of (7.3) of Lemma 7.2. We now construct a particular
polynomial spline hE H(2m+l)(Ll u). To begin the construction, let

be the unique polynomials of degree (4m + 1) such that

Explicitly, for example, we have

I I

1>o.o(X) = I t 2m(l - t)2m dt/ I t 2m(l - t)2m dt.
x 0

Next, we define for 0 ~ j ~ 2m

c$o.lx) = l;,i1>o.i ((x - a)/7T),

c$l,i(x) = 1;:1>I.i((X - b + 7T)/1T) ,

X E [a, a + 7T],
otherwise,

XE[b-7T,b],
otherwise.

1 We have just discovered a recent result of Subbotin [42, Corollary 2], showing that there
exists a spline of odd (even) degree, interpolating/at (half-way between) the interior knots,
which satisfies the first inequality of (7.8). The boundary conditions and the proofs,
however, are different.
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By construction, each fi.lx) is a polynomial spline in H(2m+1)(L1 u)' We then
set

mln(k,m-l)

hex) = L {Di(t - s)(a) . fO.i(X) + Di(t - s)(b) . fu(x)}
j~O

2m-l

+ L {Dit(a) . fo.lx) + Dit(b) . fu(x)} , (7.10)
i=mlnlk,m-ll+l

so that h is also an element of H(2m+!)(L1 u)' Writing

f - s = (f - t) + h + [(t - s) -h],

it is evident that for 0 :s;; j :s;; k,

II Di(f - s)IiL"Ja,b]

:s;; II Di(f - t)IILoo[a.b] + II Dih IILoo[a.b] + II Di(h - (t - s»IILoo[a,b]' (7.11)

The first term on the right side of (7.11) can evidently be bounded above by
(7.4) of Lemma 7.2. To bound the second term on the right side of (7.11), we
note from a simple calculation based on the definitions of fi,j(x) that

1 :s;; q :s;; 00, O:S;; I :s;; 2m. (7.12)

Next, note that from the definition of sand t that

I Di(S - t)(a) I = I Di(f - t)(a) I :s;; KTTk-iW(Dkj, TT), 0 :s;; j < minCk, m - 1),

(7.13)
the last inequality following from (7.4) of Lemma 7.2. Similarly,

I Di(s - t)(a) I = I Dit(a) I :s;; KTTk-iw(Dkj, TT), if minCk, m - 1) <j:S;; 2m -1,

(7.14)

with analogous inequalities holding at the endpoint b. Thus, from the
combined inequalities of (7.12)-(7.14), it follows then from the definition of
h in (7.10) that

II Dih IILoo[a,b] :s;; KTTk-iw(Dkj, TT),

II Dih IIL.[a,b] :s;; KTTk-i+(l/2)W(Dkj, TT),

O:S;;j < 2m,

o <j:S;; 2m.
(7.15)

The first inequality of (7.15) then bounds the second term on the right side
of (7.11). For the third term of (7.11), we note that t - s is in fact
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the Sp(ml(L1 u)-interpolant of h in the sense of (3.1). As such, the error bounds
of (3.2) of Lemma 3.1 are applicable, i.e.,

0~j~2m-1.

But, from the second inequality of (7.15), we deduce that

and consequently,

0~j~2m-1.

Combining these bounds gives the desired result of the first inequality of(7.8).
The remaining inequalities of (7.8) are similarly established.

Finally, suppose that S E Sp<ml(L1 u) is defined, as described in the statement
of Theorem 7.4, by means of Lagrange polynomial interpolation of f at the
boundaries of [a, b]. In this case, we define hE H<2m+1l(L1 u), in analogy with
(7.10), by

2m-l

heX) = I {Di(t - s)(a) . fojx) + Di(t - s)(b) . fl.i(X)}. (7.16)
i~O

Since I Di(s - t)(a) I ~ I Dies - f)(a) I + I Di(f - t)(a) I , and

I Dies - t)(a) I ~ I Dis(a) I + IDit(a)I ,

it follows directly from Theorem 4.1 and Lemma 7.2 that

0~j~2m-1.

But since these same bounds were used in (7.13)-(7.14) to establish the bounds
of (7.8) for s, it follows that the bounds of (7.8) remain unchanged if s is
replaced by s. Q.E.D.

COROLLARY 7.5. With the hypotheses of Theorem 7.4, if fE W:+1[a, b) with
o ~ k < 2m and I ~ r ~ 00, then for max(r, 2) ~ q ~ 00 and for either
s or S,

K k+l-i-(l/r)+l1/ql II Dk+ljll :> 111 Di(f - s)IIL.[a,b] , 0 ~ j ~ k,
7T L,[a,b] ~ II Dis IIL.[a b] , if k < j ~ 2m - 1.

(7.17)

It is worth mentioning the relationship of Theorem 7.4 with the many
known results in the literature on interpolation and approximation errors for
polynomial spline functions. Most authors have considered error bounds in
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the uniform norm. For cubic splines (m = 2), the validity of the case k = 2
of Theorem 7.4 was first indicated in Ahlberg and Nilson [1, p. 104], while
the case k = 3 was given by Birkhoff and deBoor [4, 5], both results being
for more general partitions L1 of [a, b] than those considered in Theorem 7.4;
see also Swartz [38, Section 10]. For periodic cubic splines, the earlier results
(k = 2) of Walsh, Ahlberg, and Nilson [41] were extended by Sharma and
Meir [34], Nord [24] (with his well-known counterexample), Cheney and
Schurer [12], Meir and Sharma [23], and Ahlberg, Nilson, and Walsh [3].
For cubic splines defined by interpolation not necessarily at knots, Meir and
Sharma [22] have related results.

Concerning the case of higher-order spline interpolation of odd degree for
general partitions, Schoenberg [27] and Ahlberg, Nilson, and Walsh [2, 3]
have presented results related to Theorem 7.4 and Corollary 7.5, generally
under different boundary conditions.

For higher-order odd-degree splines and uniformly spaced knots, Ahlberg,
Nilson, and Walsh [3] gave a result like that of Lemma 7.1 for periodic
boundary conditions, while Subbotin [36], working with even-degree inter­
polating splines with interpolation taking place half-way between the knots,
proved related results. For general odd- as well as even-degree interpolating
splines, Golomb [14, 15] has error bounds in the periodic case which
correspond exactly to those of Theorem 7.4 and Corollary 7.5, but the proofs
are of a different nature. Golomb [14, 15] also presented the first few terms
in the asymptotic expansions of the errors (cf. also Swartz [37]), and he also
exhibited [15, Theorem 4] cases in which the use of periodic boundary
conditions for interpolating splines (of degree at least five) yields dramatically
poorer convergence rates than Hermite boundary conditions.

Approximating splines which are defined by linear processes other than
interpolation have been considered by various authors. Schoenberg [28]
showed the convergence of his high-order splines (with uniformly placed
knots) to a continuous function. In the fundamental work of deBoor [9],
error estimates like those of Theorem 7.4 have been obtained for even- as
well as odd-degree splines with no assumptions on the partitions. The splines
used there are obtained by linear projections, these projections being explicitly
given for linear and quadratic splines (cf. deBoor [8, 9]). We note that, in
contrast with interpolatory splines, deBoor's approximations converge
locally, at rates depending on the local smoothness of the function approxi­
mated. Schultz [30, p. 198] gives error estimates for integral least-square
spline approximations. Finally, we mention that other linear maps onto the
splines have been successfully used by Strang and Fix [35] for periodic spline
approximation in higher dimensions.

To conclude this section, we state a stability result which is established in
the manner of Theorems 5.1 and 7.4.
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THEOREM 7.6. GivenfE Ck[a, b] with 0 ::( k < 2m and given L1 u E ~(a, b),
let s be the unique element in Sp(m)(L1u) such that

(7.18)
if 1::( j ::( m - 1,

where it is assumed that functions Fi(f, 1T) exist such that

K1TkF;(f, 1T) ~ If(Xi) - G:i.O I , 0 ::( i ::( N,

K1Tk - iFo(f, 1T) ~ I Dif(a) - G:O.i I, if 1::( j ::( min(k, m - 1), (7.19)

K1Tk - iFo(f, 1T) ~ I G:O.i I, if min(k, m - 1) < j ::( m - 1,

with similar inequalities holding at x = b. Then, with

II Flloo = m~x F;(J, 1T),
O~.1-~N

K k-i( (Dkl' ) + II FII ) :::::, III Di(f - s)IILoo[a.bl , 0 ::( j ::( k,
1T W J, 1T 00 -;?' II Di II if k . ---- 2 1s Loo[a.b] , 1 < ] "'::: m - .

(7.20)

In particular, ifL1 u has at least 2m knots, and ifsand itsfirst (m - 1) derivatives
at x = a are defined by (7.9) in terms of Lagrange polynomial interpolation of
{G:i.O}~:'O\ where the G:i.O satisfy the first inequality of (7.19), with a similar
definition holding at x = b, then the bounds of (7.20) are valid.

COROLLARY 7.7. With the hypotheses of Theorem 7.6, if fE W:+1[a, b]
with 1 ::( r ::( OCJ and 0 ::( k < 2m, and if functions F;(J, 1T) exist [cf. (7.19)]
such that for 0 ::( i ::( N,

K1Tk+1Fi(J, 1T) ~ If(Xi) - G:i.O I , 0 ::( i ::( N,

K1Tk+H Fo(J, 1T) ~ I Dif(a) - G:O.i I , if 1::( j ::( min(k, m - 1), (7.21)

K1Tk+H Fo(J, 1T) ~ I G:O.i I , if min(k, m - 1) <j ::( m - 1,

with similar inequalities holding at x = b, then for max(r, 2) ::( q ::( 00,

As an application of Theorem 7.6, consider the case of cubic splines
(m = 2) on a uniform partition, Sp(2)(L1 u), where L1 u has at least four knots,
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i.e., N)o 3. Then, given IE Ck[a, b], 0 ~ k < 4, let s E Sp(2l(.du ) be the
unique element such that

S(Xi) = f(Xi), == (Xi,O , 0 ~ i ~ N,

Ds(a) = (1/67T){-l1f(xo) + 18f(x1) - 9f(x2) + 2f(x3)} = (XO,l'

Ds(b) = (l/67T){l1f(xN) - l8f(xN- 1) + 9f(XN- 2) - 2f(XN- 3)} (XN,l ,

where 7T = (Xi+! - Xi), 0 ~ i ~ N - 1. Because the right sides of the last
two expressions above are simply obtained by differentiating the cubic
Lagrange interpolation of I in the four knots Xo , Xl' X2 , X3 and
XN-3' XN-2, XN-1, XN, and evaluating the result, respectively, at X = Xo and
X = xN , then the inequalities of (4.2) of Theorem 4.1 are applicable with
s = k, from which the inequalities of (7.19) follow with Fi(f, 7T) = w(D"/, 7T).
Consequently [cf. (7.20)],

K k-i (Dkf, ):> \11 Di(f - s)IILoo[a,b] , 0 ~ j ~ k,
7T W ,7T Y' III Dis IILoo[a,b] , if k < j ~ 3,

which was stated in Section 1.
We remark that the special case of the stability result of Theorem 7.6 for

cubic spline interpolation (m = 2) has also been independently developed by
matrix techniques in Carlson and Hall [11].

8. POLYNOMIAL SPLINE INTERPOLATION ERRORS UNDER SECOND INTEGRAL

RELATION BOUNDARY CONDITIONS

In this final section, we discuss extensions of our previous results for
polynomial splines (L = Dm) to more general boundary conditions.

Consider now any set of 2m real point functionals B = {Bi}~=Ol on
W:m[a, b], called boundary conditions, of the form

2m-1
Big = L {aj,iDig(a) + bi,iDig(b)},

i=O (8.1)

o ~j ~ 2m - 1,

If the 2m X 4m matrix M is defined by

M=

r
ao,o
a1 ,O

a2m:_1,0

b···0,1

(8.2)
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rankM = 2m,
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(8.3)

i.e., the functionals of (8.1) are linearly independent. In addition, we assume
that, for any g E w;m[a, b) with Bjg = 0 for all 0 ~ j ~ 2m - 1,

r (Dmg)2 dt = (_l)m rg . D2mg dt.
a a

In other words, since integration by parts gives

where the bilinear concomitant peg) is defined by

m-l
peg) = L (-l)i Dm-l-ig(x) . Dm+ig(X),

i~O

then (8.4) is equivalent to peg) = 0 for all g such that

(8.4)

By means of elementary row operations applied to M (cf. Birkhoff and
MacLane [6, p. 162]), there is no loss of generality in assuming that M is in
lower reduced echelon form, i.e.,

(i) every leading entry (from the right) of each row is unity;

(ii) every column containing a leading entry (from the right) has all
other entries zero; (8.5)

(iii) if the leading entry (from the right) of row i is in column ti , then
t1 < t2 < ... < tm .

We remark that the elementary row operations which bring M into lower
reduced echelon form leave the property of (8.4) invariant.

We now cite a few examples of boundary conditions B = {Bj}~:OI which
satisfy (8.3)-(8.5).

EXAMPLE 1. Hermite boundary conditions:

O~j~m-1.
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For the case m = 2, M is given explicitly by

r
l 0 0 0 0 0

M= 0 ] 0 0 0 0
001 000
000 I 0 0

o OJo 0
o 0 .
o 0

EXAMPLE 2. Odd-derivative boundary conditions:

Bog = g(a); BIg = g(b);

B2i g = D2Hg(a); B2i+1g = D2Hg(b), I ~j ~ m - 1.

EXAMPLE 3. Even-derivative boundary conditions:

O~j~m-l.

EXAMPLE 4. Periodic-type boundary conditions I:

Bog = g(a); BIg = g(b);

Big = DHg(a) - DHg(b), 2 ~ j ~ 2m - 1.

EXAMPLE 5. Periodic-type boundary conditions II:

0~j~2m-1.

EXAMPLE 6. Natural boundary conditions:

Bog = g(a),

BIg = g(b),

B2i g = Dm+i-Ig(a),

B2i+1g = Dm+i-Ig(b),

1 ~j ~ m - I,

l~j~m-l.

We next define a way in which functionsfE Ck[a, b] can be interpolated
in Sp(Dm, LJ, z) when 0 ~ k < 2m. The approach is like that of the inter­
polation in (3.3) of Lemma 3.2, i.e., high "derivatives" offwhich are needed
to define the interpolation are treated as though they were zero.

LEMMA 8.1. Given fE Ck[a, b] with 0 ~ k < 2m, given LJ E f!JJ(a, b) with
N> m [cf. (2.1)], and givenpointfunctionals {Bi}~=OI of the form (8.1) satis­
fying (8.3}-(8.5), then there exists a unique s E Sp(Dm, LJ, z) which interpolates
f in the sense that

o ~ j ~ minCk, Zi - 1), 1 ~ i ~ N - 1,

DiS(Xi) = 0, if minCk, Zi - 1) < j ~ Zi - 1, 1 ~ i ~ N - 1,
(8.6)
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k

Bjs = L {aj,iDij(a) + bj,iDij(b)},
i~O

O~j~2m-1. (8.7)

Proof Since the complete proof follows rather familiar lines (cf. Schultz
and Varga [32, Theorem 3]), we merely sketch it. The determination of such
an s E Sp(Dm, ..d, z) depends on the solution of 2mN linear equations in 2mN
unknowns, and as such, it is sufficient to show that ifj(x) === 0 on [a, b], then
sex) ~ 0 also on [a, b]. Consider

b N-l "'HIf (DmS(x))2 dx = L f (DmS(X))2 dx.
a i=O m i

Integrating by parts, and using the continuity requirements of (2.4), the
interpolation requirements of (8.6), and the assumption of (8.4), gives us
that SeX) is a polynomial of degree at most m - 1, But from (8.6), since s
interpolatesf=== 0 in (N - 1) distinct points then, as N - 1 ;? m, sex) =0
on [a, b]. Q.E.D.

The proof of the next lemma, the second integral relation, also follows
along the same familiar lines (cf. [32, Theorem 5]), and is omitted.

LEMMA 8.2. Given f E W:m[a, b], given ..d E 9(a, b) with N > m,
and given point functionals {Bj}~::Ol of the form (8.1) satisfying (8.3)-(8.5), let
s E Sp(Dm,..d, z) be the unique interpolation off in the sense of (8.6)-(8.7)
with k = 2m - 1. Then,

(8.8)

We next state a result on error bounds for the interpolation of Lemmas
8.1-8.2, which is the analogue of Lemma 3.1. This too can be proved in
analogy with the results of Ahlberg, Nilson, and Walsh [3, Chapter 5] and
Schultz and Varga [32]. We remark that our proof of Lemma 8.3 depends
on an inequality like that of Hille, Szego, and Tamarkin [17], relating the
norm of the derivative of a polynomial to the norm of the polynomial. For
details, see Swartz [39].

LEMMA 8.3. GivenfE W:m[a, b], given..d E ~(a, b) with N > m, and given
point functionals {Bj}~::Ol of the form (8.1) satisfying (8.3)-(8.5), let
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S E Sp(Dm, Lt, z) be the unique interpolation off in the sense of (8.6)-(8.7) with
k = 2m - 1. Then, for 2 '-S; q '-S; 00,

II Di(f - s)IIL,,[a,bl '-S; KTr2m-Hl/2)+(1/q) II D2mfllL,,[a.bl , 0 '-S; j '-S; 2m - 1.
(8.9)

We now extend the result of Lemma 8.3 to less smooth functions, just as
Theorem 3.5 extends the result of Lemma 3.1.

THEOREM 8.4. Given fE Ck[a, b] with 0 '-S; k < 2m, given Lt E &:,(a, b)
with N> m, and given point functionals {Bj};:'Ol of the form (8.1) satisfying
(8.3)-(8.5), let s E Sp(Dm, Lt, z) be the unique interpolation off in the sense of
(8.6)-(8.7). Then,for 2 '-S; q '-S; 00,

KTrk-i-(1/2)+(ljq)w(Dkj, 71') ? jllil DDi(fll- S)IILq[a,bl

if
, 0 '-S; j '-S; k, (8.10)

I 's Lq[a.bl, I k < j '-S; 2m - 1.

Proof Givenf E Ck[a, b], let g E C2m[a, b] be its interpolation in the sense
of (3.3) of Lemma 3.2. The triangle inequality gives us for 2 '-S; q '-S; 00 that

II Di(f - s)IILq[a,bl '-S; II Di(f - g)IILq[a.bl + II Di(g - s)IILq[a.bl ,

o '-S;j '-S; k, (8.11)

where s E Sp(Dm, Lt, z) is the interpolation offin the sense of (8.6)-(8.7). The
first term on the right-hand side of the above inequality can be bounded
above by (3.4) of Lemma 3.2. Next, note that s, while interpolating f in the
sense of (8.6)-(8.7), necessarily also interpolates g in the sense of Lemma 8.3.
Thus, from (8.9) of Lemma 8.3,

0'-S;j'-S;2m-1.

But from the case j = 2m of (3.4) of Lemma 3.2, we have that

and thus

which yields the first inequality of (8.10). The remainder of the proof is
similar. Q.E.D.

The following extension of Theorem 8.3 is easily established.
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COROLLARY 8.5. With the hypotheses of Theorem 8.3, if fE W:+1[a, b]
with 1 ~ r ~ 00 and 0 ~ k < 2m, thenfor max (r, 2) ~ q ~ 00,

>- \11 DiU - s)IILq[a,b] , 0 ~ j ~ k, (8.12)
;;/ III DiS IILq[a,b] , if k < j ~ 2m - 1.

Actually, a more general form of Theorem 8.4 can be proved, along the
lines of Corollary 3.4. This is

COROLLARY 8.6. Givenf(x) defined on [a, b] such that Dk-1f (for k;? 1) is
absolutely continuous and Dkj, 0 ~ k < 2m, is defined and piecewise-con­
tinuous on [a, b] with M ;? 0 discontinuities in the points {Yi}:;'l C (a, b),
assume that D"f is absolutely continuous on each subinterval (Yi' Yi+l),
o ~ i ~ M (where Yo = a, YM+1 = b), with Dk+1jE Lr[Yi' Yi+1]' 0 ~ i ~ M,
where 1 ~ r ~ 00. If LJ E ~(a, b) with N > m, and if the point functionals
{Bi}~=Ol of (8.1) satisfy (8.3)-(8.5), let s E Sp(Dm, LJ, z) be the unique inter­
polation off in the sense of (8.6)-(8.7). Then,for max (r, 2) ~ q ~ 00,

Krrk-i+1/q{Ml/qw(Dkj, rr) + rr1-1/r II Dk+1jIIL,[a,b]}

>-111 DiU - s)IILq[a,b] , 0 ~ j ~ k, (8.13)
;;/ II DiS IILq[a,b] , if k < j ~ 2m - 1.

Proof Following the proof of Theorem 8.4, let g E C2m[a, b] be the inter­
polation off in the sense of (3.3), and consider the inequality of (8.11), For
r ~ q ~ 00, the first term on the right-hand side of (8.11) can be bounded
above by (3.15) of Corollary 3.4. To bound the second term on the right-hand
side of (8.11), we use (8.9) of Lemma 8.3, coupled with the second inequality
of (3.15), i.e., for max (r, 2) ~ q ~ 00 and 0 ~ j ~ k,

which is the first inequality of (8.13). The remainder of the proof is similar.
Q.E,D.

We remark that for the special case of periodic boundary conditions, as
given in Example 4, the global error estimates of (8.13) of Corollary 8.6
contain, in the case of uniform partitions, certain error bounds obtained by
Golomb [15]. We should add, however, that Golomb [15] obtains in the cases
he considers a more precise description of the local behavior of the inter­
polation errors at certain points.

We now turn to stability results related to Theorem 8.4. To establish such
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stability results, we first recall (cf. Section 7) the polynomials 'Pi,k(X) of degree
(4m + 1) defined by

and we set

X E [a, a + ho = xd,
otherwise,

X E [b - hN- 1 = XN-1, b],
otherwise.

Similar piecewise polynomials where used in Section 7 for uniform partitions
of [a, b]. Note that all epi.k(X) are identically zero in [Xl' XN - 1 ], and are of
class C2m [a, b]. Next, applying the functional Bj of (8.1) to epi.ix) gives

o ~j, k ~ 2m - 1. (8.14)

Note that the value of these functionals in (8.14) is independent of the parti­
tion. Thus, if we consider any

2m-1

o/(x) = L {(XkepO,k(X) + (1kep1,k(X)} ,
k=O

which is in C2m[a, b] and identically zero in [Xl' XN- 1], then finding a
o/I(X) with 0 ~ I ~ 2m - 1 such that

B··I., = S.,3'P" )." , o ~j ~ 2m - 1, (8.15)

amounts to solving the matrix problem [cf. (8.2)]

M( (!) RW (!) R(!) f3(!)T - (" " )T
CXo ' 1"'0 ' (Xl ' 1"'1 , ... , 2m-1 - ° 0 ,1 , ... , °2m-1,1 • (8.16)

This, by virtue of the assumption (8.3) that rank M = 2m, has a nonzero
solution for each I with 0 ~ I ~ 2m - 1. In fact, making use of the assump­
tion (8.5-iii) that M is in lower reduced echelon form, we can find a solution
o/b) of (8.15) which can be expressed as

r(!)

o/I(X) = L {(X~!)epo.k(x) + (1~!)ep1,k(x)},
k=O

o ~ I ~ 2m - 1, (8.17)

where r(l), the order of B I , is simply determined from the I-th row of M
by means of

r(/) = min{k : I al,r I + I bl •r I = 0 for all r > k}. (8.18)
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This of course means that we can also write [cf. (8.1)]
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TU)

B;g = L {a;.iDig(a) + b;.iDig(b)},
i~O

This order T(/) of B l is used in

o~j ~ 2m - 1. (8.1')

LEMMA 8.7. Given the pointfunctionals {B;}:=O-l of the form (8.1) satisfying
(8.3)-(8.5), let l/J1(X) be given by (8.17), so that l/Jl satisfies (8.15). Then, for
L1 E &,,(a, b) and for 1 ~ q ~ 00,

o ~ k ~ 2m, 0 ~ I ~ 2m - 1. (8.19)

Proof Using the representation of (8.17), the result of (8.19) follows
immediately from the bounds of (7.12) for the <Pi.ix) and the definition of
T(I) in (8.18) Q.E.D.

This brings us now to the following stability form of Theorem 8.4, in
which the boundary conditions {Bi}:=O-1 are only approximately satisfied.
This extends the result of Theorem 5.1 to polynomial splines satisfying
more general boundary conditions.

THEOREM 8.8.. Given fE Ck[a, b] with 0 ~ k < 2m, given Ll E ~(a, b)
with N > m, and given the point functionals {B;}:=o-l of the form (8.1) satisfying
(8.3)-(8.5), let s E Sp(Dm, Ll, z) be the unique interpolation offin the following
sense:

o ~j ~ Zi - 1, 1 ~ i ~ N - 1, (8.20)

where it is assumed that functions Fi( f, 1T) exist such that for 1 ~ i ~ N - 1,

KTTk-;F;(f, TT) ;;;: II Dij(Xi) - Cii.; I,. O.~ j ~ minCk, Zi.- 1), (8.21)
I Cii.; I., if mm(k, Zi - 1) < ] ~ Zi - 1,

while at the boundary,

B;s = f3;, o ~j ~ 2m - 1, (8.22)

where it is assumed [cf. (8.18)] that, with T(j) the order of B;,

KTTk-T(j)Fo(f, TT) ;;;: If3; - I {a;.iDi(a) + b;.iDi(b)}I,
,~o

o~ j ~ 2m - 1. (8.23)
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Krrk- i-(1/2l+(Ijq){w(Dkf, 7T) + !I F 112}

:> III Di(f - S)!ILq[a.,b] , 0 :s;; j :s;; k (8.24)
?' II Dis IIL.[a,b] , if k < j :s;; 2m - 1.

Proof The proof is like that of Theorems 3.5 and 5.1, and is merely
sketched. Let t E Sp(Dm, L1, z) be the interpolation of f in the sense of
(8.6)-(8.7) of Lemma 8.1. Let ho(x) E H(2m+ll(L1) be the polynomial spline
such that for 1 :s;; i :s;; N - 1 [cf. (5.4)]

IDif(Xi) - IXi,i' 0 :s;; j :s;; minCk, Zi - 1),
Diho(xi) = -IXi,i, if minCk, Zi ---:- 1) < j :s;; Zi - 1,

0, Zi - 1 < ) ~ 2m,

and

O:S;;j:S;; 2m.

Let

2m-1 k

hex) == ho(x) + L [L {ai./D1(a) + bi./D1(b) - ,Bi}] ljJ;(x).
i=O !~o

Then upon writing f - s = (f - t) + h + [(t - s) - h], we have for
o :s;; j ~ k and 2 :s;; q ~ 00 that

II Di(f - s)IILq[a.b]

~ II Di(f - t)IILq[a,b] + II Dih IILq[a,b] + II Di{h - (t - s)}IILq[a.b]' (8.25)

The first term on the right side of (8.25) can be suitably bounded above by
(8.10) of Theorem 8.4. The second term on the right side of (8.25) can be
bounded above as in the proof of Theorem 5.1, using the bounds on the
ljJ;(x)'s (8.19) of Lemma 8.7, coupled with the assumption of (8.23), for
x E [Xo , Xl] or X E [XN-I, XN]. In the same fashion, Lemmas 8.3 and 8.7
aid in suitably bounding the third term on the right of (8.25). The remainder
of the proof now exactly parallels the proof of Theorem 5.1. Q.E.D.

COROLLARY 8.9. With the hypotheses of Theorem 8.8, if fE W:+l[a, b]
with 1 :s;; r :s;; OCJ and 0 ~ k < 2m, and if functions Fi(f, 7T) exist [cf. (8.21)­
(8.23)] such that for 1 :s;; i :s;; N - 1,

K k+I-iF-(!, ):> II Dif(xi) - IXi.i I, O:s;; j :s;; minCk, Zi - 1), (8.26)
7T ,,7T?, I IXi.i I, if minCk, Zi - 1) < j :s;; Zi - 1,
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while at the boundary,

KTTk+l-T(j)Fo(f, TT) :? Iflj - t {aj,iDif(a) + bj'iDif(b)}/,
,~o
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o ~ j ~ 2m - 1, (8,27)

then with II FII~ == TT L~~l F{(f, TT), and for max(r, 2) ~ q ~ 00,

KTTk+l-i+l1jql+mlnl-1/r,-1/2J{11 Dk+1fIIL
r
[a,b] + II Fllr}

~ \11 Dj(f - s)IIr.,,[a,b] , 0 ~ j ~ k, (828)
?' III Djs IIL.[a,b] , if k < j ~ 2m - 1. '

The preceding results of this section for polynomial splines were proved
for general partitions L1 E 9,,(a, b). If, however, we restrict attention to
uniform partitions L1 u E &l1(a, b), then the sharper results of Section 7
generalize to our "second integral relation" boundary conditions. The
proofs are similar to those in Section 7, with Lemma 8.3 replacing
Lemma 3.1, and the ljij of Lemma 8.7 entering into the analogues of (7.10)
and (7.16). For details, see Swartz [39]. We state the analogue of Theo­
rem 7.6 as

THEOREM 8.10. GivenfE Ck[a, b] with 0 ~ k < 2m, given L1 u E~(a, b)
with N > m, and given the pointfunctionals {Bj}~=Ol oftheform (8.1) satisfying
(8.3)-(8.5), let s E Sp<m>(L1 u) be the unique interpolation off in the following
sense:

S(Xi) = (Xi,

Bjs = flj,

1 ~ i ~ N - 1,

o ~j ~ 2m - 1,
(8.29)

where it is assumed that functions Fi( f, TT) exist such that

KTTkFlf, TT) :? If(xi) - (Xi I, 1 ~ i ~ N - I,

KTTk-T(j)Fo(f, TT) :? Iflj - t {aj,iDif(a) + bj'iDif(b)}!, (8.30)
,~o

o ~j ~ 2m - 1,

where T(j) is the order of Bj . Then,

KTTk-j(w(Dkf, TT) + II Flloo) :? \11 D;(f - s)IILoo[a,b] '. 0 ~ j ~ k,
III D S IILoo[a,b] , if k < j ~ 2m - 1.

(8.31)

In particular, if L1 u has at least (2m + 2) knots, and if L2m-1,d(L2m-l,N-1f)
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is the Lagrange polynomial interpolation of the data (Xl ,.,., (X2m in the knots
Xl' X2 ,... , X2m (resp., (XN-2m ,.. " (XN-I in the knots Xn -2m , XN- 2m+1 , .. " XN- I ),

and if we take

T(j)

B;s = f3; = L {a;,iDi(L2m_l.d)(a) + b;,iDi(L2m_l,N_d)(b)},
i~O

o ~ j ~ 2m - 1, (8.32)

then the error bounds of (8.31) are valid, assuming only the first inequality
of (8.30),

For the last part of Theorem 8.10 involving the use of Lagrange poly­
nomial interpolation of the data, it is necessary to remark that the quantities
D;(L2m_l .d)(a) and D;(L2m- I •N-d)(b) in (8.32) involve extrapolation of
the data at interior knots to boundary knots. [We have used extrapolations
because neither f(a) nor feb) may be involved in any B;f, 0 ~j ~ 2m - I.]
The proof of this portion of Theorem 8.10 than depends on the observation
that the error bounds ofTheorems 4.1 and 4.4 remain valid for these particular
extrapolations.

COROLLARY 8.11. With the hypotheses of Theorem 8.10, iffE W:+1[a, b]
with 1 ~ r ~ 00 and 0 ~ k < 2m, and iffunctions Fi( f, 1T) exist such that

1 ~ i ~ N - 1,

K1Tk+1-T (j)Fo(f, 1T) ? I f3; - I {a;.iDif(a) + b;'iD1'(bnl, (8.33)
~=o

o ~j ~ 2m - 1,

then for max(r, 2) ~ q ~ 00,

We remark that even ifthe functionals of (8.1) are not expressed in echelon
form (8.5), the results of Lemma 8.1 through Corollary 8.6 remain valid.
The same may not be true for the associated stability results. The conclusion
of Theorem 8.8 does hold true if the perturbations 'of the functionals B;
are due really to suitable perturbations in the derivatives which occur in
each functional. Instead, if one independently perturbs each functional by
a corresponding order of magnitude, the analogous result may not hold.
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This phenomenon can be observed in the piecewise-linear interpolation
(m = I) on L1 E &(a, b), under boundary conditions associated with

BIg == Dg(a) + g(b).

We finally observe that the results of Theorem 8.10 and Corollary 8.1I
hold for nonuniform partitions L1 E ~(a, b) in the cases of cubic (m = 2)
and quintic (m = 3) splines. The proofs are those of Theorem 8.10 and
Corollary 8. II, except that Lemma 7.I is replaced with the analogous result
for Hermite boundary conditions, found in Birkhoff and de Boor [4],
Ahlberg, Nilson, and Walsh [3], and Swartz [38, Section 10] for m = 2,
and in de Boor [10] for m = 3.
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